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A solution has  been obtained in i n f in i t e - se r i e s  fo rm for  the two-dimensional  t he rma l  con-  
duction equation fo r  a rod  with boundary conditions of the third kind and a h e a t - t r a n s f e r  
coeff icient  va ry ing  around the p e r i m e t e r .  

Th is  type of fuel rod  (Fig. 1) cons i s t s  of  an act ive  core  3, p ro tec t ive  sheath 1, and a contact  l aye r  of 
fusible  me ta l  2; defects  of va r ious  types  can a r i s e ,  such as  gas  bubbles ,  b r e a k s  in the contact  l aye r ,  o r  
exfoliat ion,  all  of which lead to de te r io ra t ion  in the heat  t r a n s f e r  f rom the co re  [1]. I t  is of some  in te res t  
to examine  the overhea t ing  a r i s i ng  f rom defects  re la t ive  to the nominal  t e m p e r a t u r e  distribution.~ T h e r e  
a r e  va r ious  analyt ical  methods  of solving this p rob lem.  Fo r  ins tance ,  a solution can be found [2] by v a r i a -  
t ional  methods ,  o r  e l se  [3] as  an infinite s e r i e s  mee t ing  the boundary conditions at individual points.  

We give below an approx ima te  analyt ical  method that  has  some  s i m i l a r i t y  with that  of  [3], while having 
some  d i f fe rences :  the method of t r a n s f o r m i n g  the boundary condition is novel,  and the mode of solution 
cons t ruc t ion  is  m o r e  logical .  

The ma thema t i ca l  p rob l em  is then fo rmula ted  as  follows: the volume heat  product ion ra t e  in the co re  
is constant  in the height and c r o s s  sec t ion ,  while being zero  in the sheath and contact  l aye r .  The physica l  
p a r a m e t e r s  of all  the m a t e r i a l s  a r e  Constant, while the h e a t - t r a n s f e r  coeff icient  for  the cooled su r face  of 
the sheath is constant  at  all points.  Also,  the defects  a r e  infinitely long, and the axial  and tangential  c o m -  
ponents  in the hea t  flux in the sheath a r e  negligibly smal l  by c o m p a r i s o n  with the rad ia l  component .  The 
contact  l aye r  and sheath  a r e  incorpora ted  in the p rob l em as a t he rma l  r e s i s t a n c e  by modifying the hea t -  
t r a n s f e r  coeff icient .  F igure  2 shows the calculat ion scheme ,  where  the two-dimens iona l  s t e ady - s t a t e  
t e m p e r a t u r e  d is t r ibut ion  is de sc r ibed  by 
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The rod temperature is reckoned from the mean temperature of the cooling surface. 
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Fig. 1 Fig.  2 
Fig.  1. C r o s s  sec t ion  of rod  with defect  in contact  l ayer :  1) 
sheath;  2) contact  l aye r ;  3) co re ;  4) defect ive zone. 

Fig .  2. Calcula t ion s c h e m e  for  rod  with defect :  1) co re ;  2) 
defect ive  zone ( impai red  hea t  t r ans fe r ) .  

The  t e m p e r a t u r e  d is t r ibut ion in the rod defect  is  sought as  the sum of the nominal  d is t r ibut ion tn 
and the superhea t ing  0 due to the defect ,  1. e . ,  

t : t n + O .  

Then tn is  defined by 

(6) 
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- -  k z Otn -- a~n  for r : R and any ~,. (8) 
Or 

The speci f ic  hea t  flux a t  the su r f ace  of the de f ec t - f r ee  co re  is denoted by q: 

%in = q. (9) 

We subst i tu te  (6) int5 (1)-(3) and use  (7)-(9) to get a s y s t e m  of equations for  ~ : 

r ~ . . . .  O, (I0) 
r ar ~ r'- .a~ 2 

o~ 
;-3 O~- %0 for r := R and qD > q~d, ( I I )  

r--= R 

- -  ,q for q~ ~ gd O~O ad O -- (a e -  50) as Or (12) 

Then  under  these  conditions the t a sk  of finding the t e m p e r a t u r e  dis t r ibut ion in the fuel rod  amounts  to 
finding the t e m p e r a t u r e  dis t r ibut ion in a cyl inder  f r ee  f rom heat  s o u r c e s  with in addition a constant  heat  
flux n e a r  the defect ,  the heat  being los t  f rom the en t i re  su r face ,  but with d i f ferent  h e a t - t r a n s f e r  coeff i -  
c ients  in the defect ive  and pe r f ec t  p a r t s .  

We p e r f o r m  an identical  t r a n s f o r m a t i o n  on the boundary condition of (12) by adding and subt rac t ing  

the e x p r e s s i o n  for  a e $ :  

~'~ Or q I - -  �9 1 [ a.eO; (13)  % q/% / 

on the bas i s  that  
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and f rom (13) we have 

358 



T A B L E  1. R e s u l t s  f o r  0 f o r  a k  = 0, ~_d= v / 2 ,  and q~ = 0 
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T h i s  t r a n s f o r m a t i o n  m e a n s  tha t  the  h e a t  i s  now t r a n s f e r r e d  f r o m  the s u r f a c e  of  the  c y l i n d e r  wi th  a s i n g l e  
h e a t - t r a n s f e r  c o e f f i c i e n t ;  i t  i s  t r u e  tha t  then  the c y l i n d e r  s u r f a c e  r e c e i v e s  an  unknown h e a t  f lux,  which  i s  
a func t ion  of  the  unknown t e m p e r a t u r e .  

We  put  (10), (11), and  (15) in  d i m e n s i o n l e s s  f o r m :  
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w h e r e  

0 =  - - ~  : B -  %/~', P - -  r ," q* _ 1 ' 0 
q#ze ~3 R q t '  a,, 

ff 'e  

We e x p a n d  the  unknown h e a t  f lux  q * / q  a s  a F o u r i e r  s e r i e s :  

q* ~ K 
--- a o ~- a,t COS 1 / .  - -  q), 

q ~,=l 2 
(20) 

w h e r e  K = ~ / ~ d ,  and  we d e r i v e  the  d i s t r i b u t i o n  of  the  t e m p e r a t u r e  0 (F ig .  3) f i r s t  of  a l l  f r o m  the f i r s t  
t e r m  in (20) and  t h e n  f r o m  the  s e c o n d ,  and  so  on.  

The  d i s t r i b u t i o n  o f  0 a r i s i n g  f r o m  the  c o n s t a n t  c o m p o n e n t  a 0 i s  found f r o m  (17)-(19) ,  w i th  (19) t a k i n g  
the  f o r m  

O0 
- BO --- aoB. (21) 

oo 
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Fig. 3. Surface tempera ture  of core  for  ~o d 
= ~ / 2  and czeR/h3 of: 1) 0.077; 2) -0 .622 ;  
3) - 1 . 2 3 .  The broken lines a re  f rom ana-  
lytical calculation, while the solid l ines 
a re  f rom numerica l  solution. 

This problem is solved by separat ing the var iables  

O(ao ) ao { ~d : 2B ~ ,  sinm~ d } _= - cos m~p . (22) 
a ~ m(m-',-B) 

We find the distr ibution of 0 due to the second t e rm in (20) by var iable  separat ion using the conditions of 
(17)-(19); the boundary condition of (19) takes the form 

O0 BO - -  Ba,,  cos n __K of. (23) 
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We get 
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apar t  f rom m = n K / 2 ,  where m is an integer.  

We combine (22) and (24) to get the superheat ing of the defective rod in t e rms  of the unknown Four ie r  
coefficients:  

1 2B ~,-~ j a ,  - ~  
o = ,~0 K ~ ,,,(m-~. B) . ! [ '~ nK 

c o s n - - ~  i - 2 + K m + B  
-4 K (nK + 2B) 2 ~ n ~ -  .-- m n --~- + m 

If  the size of the defect is such that m = nK/2  is impossible ,  then the t e rm [2anB/K(nK + 2B)] eosn(K/2)go 

should be omitted. 

We find the unknown coefficients a 0 and an from the solution to a sys tem of p + 1 equations, which is 

der ived f rom 
P 

q* 1 + 0  a o +  ~ a .  cos n K 
q 1 + ~" ~ Y ~' 

n = l  

and sat isfy this with p + 1 different values for ~, i .e. ,  for ~ = gat = i(~od/p), where i = 0-p and p is the 
number  of harmonics  in the expansion of the unknown heat  flux. 

Table 1 gives resu l t s  on 0 derived with an M-20 computer  for c~ of 0 and q~d of ~r/2; it is c lear  that 
it is sufficient to take 8-10 harmonics  in o rder  to obtain reasonably  accura te  resu l t s  for values of B r a n g -  

ing f rom 0.1 to 100. 
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For comparison, we calculated the temperature distributions for the same conditions for ak of 0 
and ~d of 7r/2 by numerical methods using an M-20 eomputer. 

The results  show that this method of ealculating the temperature distributions in rods with defects 
allows one to dotermine this for a range in aeR/~a  from 0.01 to 100 with an accuracy sufficient for engi- 
neering calculations. 

This method also enables one to calculate a three-dimensional temperature distribution due to a 
defect of finite size,  but the working formulas a re  ra ther  lengthy. 
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qv 

N O T A T I O N  

are  the current  radius, angle, and temperature calculated from mean liquid temperature;  
is the angle determining dimensions of defective part  of per imeter ;  
are  the radius of core ,  jacket thickness, and contact layer  thickness; 
are  the thermal conductivity of mater ia ls  of jacket, contact layer ,  and core;  
is the heat - t ransfer  coefficient between .fuel rod and cooling liquid; 
is the equivalent hea t - t ransfer  coefficient between liquid and sound part  of core per imeter ,  
incorporating thermal conductivity of contact layer and jacket; 
is the thermal conductivity of defect; 
is the equivalent heat - t ransfer  coefficient between liquid and defective par t  of core per i -  
mete r ,  incorporating thermal conductivity of contact layer of jacket and defect; 
a dimensionless complex number; 
is the specific heat production rate.  
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